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1. (A1) (4 points) For this problem: let v and w be 3D vectors so ||v|| =3 and ||w]| = 1.

(a) Find the angle between the vectors x = v 4+ 3w and y = v — 3w using only the information at the top of the

page. Hint: there is enough information. You do not need to find ||x|| or ||y|| to answer this problem.

Solution:
X y=wV+3w)-v-3w)=v-v-9w-w=|v|?-9|w|?=9-9(1)=0

The vectors are orthogonal.

(b) Let v =(2,2,1) and w = (0,0, 1). Find the orthogonal projection proj, (w) of w onto v.

Solution: .
. vV-w
proj, (w) = e §<25 2,1)

(c) Find the area of the parallelogram formed by v = (2,2,1) and w = (0,0, 1).

Solution: The area is:
v x wl = [(2,-2,0)[| = V8

(d) Find a unit vector orthogonal to both v = (2,2,1) and w = (0,0, 1).

Hint: these are the same vectors from c.

Solution: We scale v X w to be a unit vector:

(2,-2,0)

Sl -




Mon Sep 30 Math 226 Midterm A Page 2 of 7

2. (A2) (4 points) Let P the plane that contains all points on the line with parametrization:
0:x=(2+3t5+1t41)

and is parallel to (but does not have to contain) the line ¢’ thru the points Q(4,1,1) and R(6,3,4). Note: parallel

means a direction vector for this line is also one of the direction vectors for the plane.

(a) Find an equation equivalent to one of form ax + by 4+ cz = d for P. Note: the plane contains £, not /.

Solution: A point on the plane is a point on the line ¢ like P(2,5,0). A normal vector to the plane is given

by a cross product of direction vectors for the lines:
n=(314)x (2,23) =(-5-1,4)
—— ~——
£ dirn ¢ dirn: QR

An equation for the plane is:
—5(x—-2)—1(y—5)+4(z—-0)=0

(b) Find the distance between the lines ¢ and ¢'.

Solution: We use the distance formula with n = (-5, —1,4) and points P(2,5,0) on ¢ and Q(4,1,1) on ¢'.

The distance is:

V42 V42

n~(q—p)‘:‘<—5,—1,4>’(2=—471> 2
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3. (A3) (4 points) This problem has multiple parts.

(a) The curves with the parametrizations given below intersect at a single point. Find it.
Ciiri(t) = (t2 +2,4,t)

Cgtrg(t) = <t,t—2,t—8>

Hint: is it a good idea to use the same parameter (i.e. t) for both curves? Note: your answer should be a point.

Solution: We rename the parameter for the first curve as s and set up:

Sub the first equation into the second gives s> = 4 and putting this into the first equation gives t = 6. Putting

this into the last equation gives s = —2.

The point in question has position vector ri(—2) = ra(6) = (6,4, —2) and so is P(6,4, —2).

(b) Find the angle between the curves (from part a) at the point of intersection.

You may leave your answer unsimplified.

Solution: The directions of the curves at the point of intersection are r}j(—2) = (—4,0,1) and r}(6) =

(1,1,1). The angle 0 is found by setting up:

(=4,0,1)-(1,1,1) = [[{=4,0, 1)[[[|{1,1,1)[[ cos &
—3=+/17v3cosh

cos™ 1 (—\/%) =

(c) Name the surface described by the equation —422 + y? — 22 = —16. No work required.
paraboloid saddle ellipsoid/sphere 1-sheeted hyperboloid 2-sheeted hyperboloid cone

Solution: Divide by —16 to get:

It is a hyperboloid of 1-sheet.
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4. (A4) (4 points) For this problem consider the

function f(z,y) = e,

(a) Find all first-order and second—order partial derivatives of f. Hint: at least one of the second-order partial

derivatives will require the product rule.

Solution: We get fi(z,y) = (y + 1)e*¥ "™ and f,(z,y) = ze™¥*. Then:

foa(z,y) = (y +1)%e™0+e
foy(@,y) = fya(z,y) = ¥ 4+ 2y + 1)e™ e

fyy(x’ y) — x2€xy+ac

(b) Find an equation of the tangent plane to the graph of f at the point (0,0, %) on the graph. Note: while I don’t

tell you what % is, you could figure it out.

Solution: We find f,(0,0) =1 and f,(0,0) =0 and f(0,0) = 1. So the equation is:

z—=1=1z—-0)+0y—0) = z=1+=zx

(¢) Use your tangent plane from part b to estimate f(—0.1,0.1) with a linear approximation.

So f(—0.1,0.1) ~ 0.9

Solution: We plug x = —0.1 and y = 0.1 into the equation for the tangent plane to get:

z=1+(=0.1)=0.9
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5. (A5) (4 points) For this problem let f(z,y) = sin(2z%y).

(a) (i) Find the direction in which the rate of change of f is most negative at the point P(1,0).

Note: the question says most negative, not positive. Hint: your answer should be a (not necessarily unit) vector.

(ii) Find this most negative rate of change of f at P. Hint: your answer should be a (hopefully negative) number.

Solution: We find:
Vf(z,y) = (4xy cos(222y), 222 cos(z?y)) = Vf(1,0) = (0,2)
The direction of greatest decrease is therefore:
~VS(1,0) = (0,-2)

This most negative rate of change is:

—IVf(1,0)] = -2

0
(b) Continue to let f(x,y) = sin(2z2y) and now let 2 = s — ¢t and y = s%*t. Find a—{ using the chain rule.

Solution: We find:

of _ ofox + 0f 9y _ dzy cos(22°y) - (—1) + 2® cos(2?y) - 5

ot Oz ot Oy ot

(c) Consider the plane P defined by = +y + z = 1 and the surface S defined by —x? + ¢% + 22 = 1.

Which of the following planes (i, ii, neither, or both) is parallel to the plane P? Note: work required.

Hint: planes are parallel when their normal vectors are parallel.

(i) the tangent plane to S at Q(1,1,1) (ii) the tangent plane to S at R(—1,1,1)

Solution: The plane  + y + z = 1 has normal n = (1,1, 1).
plane at @ is not parallel to the plane P.

2n. So the tangent plane at R is parallel to the plane P.

The tangent plane at Q(1,1,1) has normal Vf(1,1,1) = (—2,2,2) which is not parallel to n. So the tangent

The tangent plane at R(—1,1,1) has normal Vf(—1,1,1) = (2,2,2) which is parallel to n because it equals
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YOU MUST SUBMIT THIS PAGE.

If you would like work on this page scored, then clearly indicate to which question the work belongs and indicate on the

page containing the original question that there is work on this page to score.
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