MATH 226: Final Exam Full name:
Saturday, May 4th, 2024 USC ID:

Signature:

INSTRUCTIONS:

e Fill out your full name, student ID number, and signature.

e You must show all of your work, and carefully explain your methods and reasoning.
You must name any theorems or tests that you use. Solutions must be neat, legible,
well organized, and unambiguous. Final answers must be optimally simplified and
clearly indicated.

e You are allowed a half of a regular 8.5” x 11” page, 1-sided, HANDWRITTEN formula
sheet that should not require any optical device to be read. You must include your
full name on it. Your sheet will be collected at the end of the examination. No other
notes or books are allowed during the test.

e No calculators, smart watches, or other electronic devices are allowed. Turn off your
cell phone. No communication, no collaboration with anyone, no lurking eyes. Failure
to comply with the above instructions will be deemed a violation of university policy;
the minimum penalty for academic dishonesty is failure in the course.



Problem 1. (= 18 points) In all of the following questions, you must clearly explain your
methods and justify your reasoning.

(a) Find a parametrization of the line £ which intersects the planes x — 2y + 32+ 7 =0

and —x +3y —2—4=0. 1
L A= L -2 Y
?\z=<":3--‘7

I3k
ditn ve e - v\,%:\== \ -2 3 = <';‘;->->‘>

-\ > -\
point on Vine w) z2=0 : %—)\é‘-l-:l- =0 — R=Z2—F (©)

“**I4-4 = o €
(O)

“@: F-24433-8=0 > w==-3 > x=-\3

pofameteize: =13 -F&, =3 - Dt 0 t}

(b) Find an equation of the plane P parallel to the lines ry(¢) = (=2t + 1,2 —¢,3t — 1)
and ro(t) = (t + 5,3t — 2,4t + 3) and containing the point (—2, 3, —4).

otmal 1 L =2 ,-1,3Y % <\, 8> = L-\13,1), =8

Plavwe © — 1B w2+ Lg—})‘g(z-b 4y =4
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(c) Determine the distance between the line r3(t) = (7t + 1,2t + 1,3 — t) and the plane
r—2y+32+7=0.

is T, povolleQ to plane?

rotmaQ - Airn ?= o

~
(‘1-1133. <§11:-‘> = ;_‘-\'—3 =0
\
|aQ$.
next: pPoint oa Qlnae : @ (Y, 'V, >
Point on pQane : P (—F,0,0)
'p_é=<s,\,37
distaonce (P [¢v,=2,23% - £8,10,2> | s
Q = =
COMProcmal W<y, =-2,29 1 &
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e
-

(a) Find the directional derivative of f at (1,3) in the direction of u =
DaS(1,3) = VF(,3>: ™

= 451-‘*».«%;%)

n — =
B

(

53
S

urthermore, assume that r = g(s,?), y = 2s + ¢, and:
b) Furth h t 2 t d
=1, Y= g¢g(1,1)=1 s ow Gv,0d= 3

A —
© Oslay  Ot|ay 450, VD=2, 4, (y,\d =)

Q‘JG‘“% 82 .
e e — =)
_ng‘,:a & Os |(1,1)
Find g—%lat (s,t) = (1,1).

s t ® 3 > ¢t * D s 4
@ is (\,‘3 = %*L‘l3§.*$ L\l\§ -~ iDL\,B)‘Ds L\,\}

s ¢ ® 3 s ¢t - S - &
2L, = B LU0 % O+ 20030 5 (0,0

Sub in,,.

®: 2 = 58C— %
@ 2,0 = B3¢ —4

@—@ B itL\,\5 -2 =

Z2,. 0, NN =6
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(c) Using linear approximation, find an approximate value of z when s = 0.9 and ¢ = 1.1.

s t > & s &
2 (s, e (LS > 25 LV, (s=\) *+ =, (v AN (=)

2 (5,02 F+r2le-\D+ 6 ()

s <t
zle9,2a)2¥F-02~0.6 =5 4
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Problem 3. (= 20 points) Consider the function f(z,%) = y*+32%y+2 on the domain D =
{(x,y) € R? | 22 + y* < 4}. Show that f achieves absolute extrema on D, then determine
the values of these extrema. You must carefully explain your methods, and optimally simplify
your answers.

D
Louvnded + Qosed = compact

S % continuads (e o Pcﬂgncm{oq\)

S0: \ \
o bé Evy < adnieves ext@mize(S on D

et pts
=5
ve=o0o

bry= O
? 2 £ ®R=0,4=0

34 320
condidate: £ (o0,0)=2
edge: Lagrange mulbipliers | xZrgr= 1
o
V£ = Vg

; Gry = 2rn (0)
B3t =248

Case 1: R=0D u=%2. F(0,2)=10, §(0,-2V=-¢

Case Q2: w0

(O _
T ds=a
L@ 3Pz 6y
%12'31

l—*g:’-‘l K=y = x= >3

(14
!
M|
v
]
M
ol
+
[
ol
+
V)
"

B2 «2

~ ~
1+
M
|
v
!
N
N
|
[\
vl
+
v
1]

2-6 =

concQusion: maxn £ L2 % R) = 8T+

min FlIR, -G5Y= 225
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Problem 4. (~ 17 points) Let C} and C5 be the curves described by the vector functions:
ri(t) = (2t +1,t,t* —1)
ro(s) = (2s° +3,s* + 1,3s).

(a) Find all points of intersection of C; and Cs.

2e+1=26%+3 @
t=%*1 @

t"—l :35 @
)
E@®: 25231 =223

'2$’—7.5"’:0
2s*(5-\\N= 0O

$=0 -Ys s= 3
L 4
== €t =2

)
12-3= 3>V

e (n @ .
2
22_3 =3(2\V o
'\v\'bt""z'cbac
_ . |t < + Y
PlMg in: T Lad=43,V,0) and T (25=4s22
(b) Determine the angle between the curves at the point P (3,1,0).
S =1 ,5=0

0B = L2,,2e5 S RN =E 420,20

-t

'Y= L6982 2,35 D ¥, (oS = {o0,0,3>

22,1,25 -{0,03Y = 11 £2,1,251] 11 £0,0,3V || cas©

D cos ©

[
% = cos ©

cos"(%} = 8
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(c) Is there a plane containing both of the curves C; and Cy? If so, find a cartesian
equation of the plane. If not, justify your answer.
would regoi(@ commorm norfmoal
A= R U(LED "‘-:":‘65>
is constant (op to -,CQQQ(B .
ER

‘—
n o= 2 2t | - ¢3-LBat, 1287t -6, Bs-Gs>D

651‘ 2 3

test: s=0O0,€=0: <{73,-6,05
]na‘b 1]

=1 ,t=0: (3,-6,-2

s0... not watained in a plane
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Problem 5. (& 20 points)

1N
L/

A cardioid C' (pictured above) is a curve parameterized by

2

(a) Use the above parametrization to set up an integral expressing the length of C. The
expression of the integrand must be optimally simplified. You do NOT need to evaluate

the integral.

1 1 1
r(t) = <Cos(t) + 5 + —cos(2t), sin(t) + 5 sin(2t) > , where 0 <t < 27.

YeeY = {—sint - Syt cos £+ cost D)

i

3T 2T
S ¥ edllde = S- J (s'mt --s'm2't.\’+ (ccst-\-cos?-l:.)" At
© o

2T

. 2 .
S \/ SwltrcosT Lr Si 2t + FUL + Doit sin2t + costcos2t d€
o

=

2w

= SJ 2x2sintein2ts 2costeos 2y At
o
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(b) Another possible parametrization of the cardioid is given by

r(t) = { cos(t) + cos*(t), sin(t) + sin(t) cos(t) ) , where 0 < ¢ < 2.

Using the second parametrization, calculate the area of the region D enclosed by C'
vty = {—cost —2%5int cost, cost * ot -sin2t)
Green's @ 4L P,@Y = £90,%7 = Q-

avea = SS:LAAZ Sod*«-xdé
B> <
2T

S' (cost > cos®t ) (covt + cos?t —sint) At
o

~ nt. to O By Sygmwmetry

D
= S cos?t ~ c.yf?t - co%t ~c

€ + cosYt — sintteostt d&

2~rr b €0 ©
=SL*%9“' (‘I*\_ 2t) o (-2 —
- ) = > o > - (2 ;cos%&.}(,*— - cos')-t.)de
2 .‘“.g'bao
) 1
S_ — 2 I
o= /2\4 2/2°'°/}"=+' 4C°$">t—/ﬁ + — s+ AL
A
=S L,
3 2 T o5 2¢ 34
2 b_‘pQ
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Problem 6. (= 18 points) Let R be the region enclosed by the sphere x? + y* + 22 = 4z
and the paraboloid z = 22 + y%.

(a) Set up an integral in spherical coordinates expressing the volume of R. You do NOT
need to evaluate the integral. Your work must be supported by properly-labelled

sketch(es).
=
A - D -ciods
spwece - Xrg +z"= bz — 20 (2052 Fretie
2= Bocosd e
e= Lcosd
Provalosd : 7= 2 a‘\. =
fcosd = pTaia’e
covd  _
PIPCW IR y
coasd L
intelsrct : Y ocong = -
6\n"¢
Bointgp = |
= I =2 n)J
by =g - o=7
sectio
i T e e coed
® & ¢ = © = e Sindgh
S
-
%0 voluwme 18
. LQ
27w Te oo d >w /2 e /2
S S S ©’2snd AP AP & O + S S S posingd dpdd &S
e —
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(b) Let Q be the surface contained on the sphere that lies inside the paraboloid. Express
Q as a parametric surface r(6, ®).

PSind OO, pSindSInNO, PCosd

- .
r C¢/9> — < Lcosp S1ng cos 9/466&@5;6@ 5""9/ L'\'C°$¢c°$¢>

= {2%n2% s © , 25in2d o5, 2+ 2cos23

w ) o2 ¢ £ ,0-‘-‘9&2'“

ol

(c) Set up an integral expressing the surface area of Q. Do NOT evaluate the integral.

— - =
. - 2 > |}
CaHtr e =
q(°$1¢ cos ® L s 51 nd - qﬁ;ﬁ)¢

“25n29 510 © 25n2¢co0e

= | sin> : ;
< ST 2 g CQ%@, 83\1\’1¢ 5in O, 3$iﬁ2¢co$)-¢>

D w224 <$in1¢ s Q, 5n2d s1n © s c.o$2<p>

N e*vell= $2in2e VI =9 sin2e

b ... QQM?Q(FB '

27w Tlo
aveaq = SS%'b‘“)cbdeb&e

© o
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Problem 7. (= 20 points arametrized by

, 2 cos(t s _ 1 >

(a) Calculate the TNB frame curve C' at the point (3, —2,0).
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(b) Calculate the tangential companent of the/dcceleration vector at the point (3, —2,0).

(c¢) Determine both the radi
to the curve C' at the point
reasoning.

coordinates of the center of the osculating circle
0). You must carefully explain your methods and
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Problem 8. (~ 20 points) Consider the solid E bounded by the surfaces z = 22 + 1,
z=1y—1,and 22 +y? = 1, with z > 0. Calculate the flux of the 3-dimensional vector field

F(z,y,2) = < —5yPe @) 4 1n(2? + %), cos?(z)e™ >

across the surface S bounding FE, S being equipped with the inward orientation. You must

carefully justify your methods; in particular, you must include relevant, properly-labelled
sketch(es) supporting the logic of your reasoning,.

KN
div F = Ba
X"-\-a"

E in caqiﬂéf\'ccs-'-
L U N ¥ [ topt m= XL s 3aPeasior 1

8-1 <£o0

' bottom: 2= g4-0 — 2 = vreinG —
o region R2agte

%’-"éiﬁ\_» oﬁ(sa

sﬂfs\n@
T o - d2d
o fﬁ‘ﬁs—l ’2- < 6@
e o © o

200

)

]
I
3 Ll
o Ln-

'\‘-\k‘ "n‘b
3 ""5/{'\’(;03‘6 -~ 3%6

0
-¥rsintg o %/5\\6 ava®

[l
+
l/)nu vl

- T
E (o]
1—; 'm'k-'t’
- S - apetio
=
= 2+
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Problem 9. (= 15 points) Evaluate the line integral

I= / (v* + exz) dx + (x 4 sin(y)) dy + (xy + In(2)) dz,
c

where C' is the curve parametrized by r(f) = (2sin(t), 2 cos(t),2sin(2t) ), 0 < ¢ < 27. You
must carefully justify your methods.

Hint: You may use the fact that the curve C lies on the surface S given by z = zy. To
receive full credit, explain why this property holds.

)
F= dyre” , % *sing, xar W3

note: € is a Qoved cuve, 50 it bounds o Swface

so: by Stokes B
° > ey F With Same cur as E wil ave same integcall
b=

now * curlE = {x,—é, ‘—2'3>

I Sad

but : -
* F o= <"é7':","‘a§ Yas +tne aw™e cucQ

hence : S E-ar = < —F‘ne.‘"é_.,s
= e

- e

F(+¢ = 2 .
(+ ) { 2cow €, 2esint, L simteost D = <'2cos’-£' 2ot PRSNCWAN

€= <—lcc‘:‘t, -2 5\n+t '-\-c_oSl't}
'

(o]
."gkno o
-Av'v" 2 N 'v*-_m

sor S ¥ a1 = S Lo — g2 :
- - Sttt g o2 o052t &g

o

27 )
—§‘2"‘3$/"<§t a¢

— &

n

ALT. APPROACH , NEXT PAGE
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> 9 =
-d
r(t) = {2siat, 2cont , L0t

Scratch, scratch zone...

Claim : € 5 on kTN

3

Sestification : sooin... Ztie2t = 2sint A cont V d.;obge—O“%&%
Qo

*®2rar= 0 ) Qochwis
—
rext... ¥€: {7-$\fst.,'2cost,, xé> ca

) <
... € s Boundaly o R : x"'**a"i‘-\-, =%y

Pavem. ] "_"‘(%,*3§=<*,~5,%~57 s *raxgen
downwal d

L2 *'\'-é= 4-‘3:_"1 \> | 4“31",“>

e SE s S et 2
€ 3

= Sg<x,—g,\—7aﬁ~< 9, X\) o A
**aegten
<O -
o’o'b’-b
w®
= SS22 -1 ana

*1‘*3‘5 u.

=-aea (»tayt 2 4)
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More scratch, scratch zone...
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