
MATH 226: Final Exam Full name:

Saturday, May 4th, 2024 USC ID:

Signature:

Instructions:

• Fill out your full name, student ID number, and signature.

• You must show all of your work, and carefully explain your methods and reasoning.
You must name any theorems or tests that you use. Solutions must be neat, legible,
well organized, and unambiguous. Final answers must be optimally simplified and
clearly indicated.

• You are allowed a half of a regular 8.500⇥1100 page, 1–sided, HANDWRITTEN formula
sheet that should not require any optical device to be read. You must include your
full name on it. Your sheet will be collected at the end of the examination. No other
notes or books are allowed during the test.

• No calculators, smart watches, or other electronic devices are allowed. Turn o↵ your
cell phone. No communication, no collaboration with anyone, no lurking eyes. Failure
to comply with the above instructions will be deemed a violation of university policy;
the minimum penalty for academic dishonesty is failure in the course.

 



Problem 1. (⇡ 18 points) In all of the following questions, you must clearly explain your
methods and justify your reasoning.

(a) Find a parametrization of the line L which intersects the planes x � 2y + 3z + 7 = 0
and �x+ 3y � z � 4 = 0.

(b) Find an equation of the plane P parallel to the lines r1(t) = h�2t + 1, 2 � t, 3t � 1 i
and r2(t) = h t+ 5, 3t� 2, 4t+ 3 i and containing the point (�2, 3,�4).
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(c) Determine the distance between the line r3(t) = h 7t + 1, 2t + 1, 3� t i and the plane
x� 2y + 3z + 7 = 0.
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Problem 2. (⇡ 17 points) Suppose z = f(x, y), where:

f(1, 3) = 7

fx(1, 3) = 5

fy(1, 3) = �4.

(a) Find the directional derivative of f at (1, 3) in the direction of u = h 4
5 ,

3
5 i.

(b) Furthermore, assume that x = g(s, t), y = 2s+ t, and:

g(1, 1) = 1

@x

@s
��(1,1)

=
@x

@t
��(1,1)

@z

@s
��(1,1)

= 2.

Find
@z

@t
at (s, t) = (1, 1).
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(c) Using linear approximation, find an approximate value of z when s = 0.9 and t = 1.1.
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Problem 3. (⇡ 20 points) Consider the function f(x, y) = y3+3x2y+2 on the domain D =
{(x, y) 2 R2 | x2 + y2  4}. Show that f achieves absolute extrema on D, then determine
the values of these extrema. You must carefully explain your methods, and optimally simplify
your answers.
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Problem 4. (⇡ 17 points) Let C1 and C2 be the curves described by the vector functions:

r1(t) = h 2t+ 1, t, t2 � 1 i

r2(s) = h 2s3 + 3, s2 + 1, 3s i.

(a) Find all points of intersection of C1 and C2.

(b) Determine the angle between the curves at the point P (3, 1, 0).
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(c) Is there a plane containing both of the curves C1 and C2? If so, find a cartesian
equation of the plane. If not, justify your answer.
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Problem 5. (⇡ 20 points)

A cardioid C (pictured above) is a curve parameterized by

r(t) =

⌧
cos(t) +

1

2
+

1

2
cos(2t), sin(t) +

1

2
sin(2t)

�
, where 0  t  2⇡.

(a) Use the above parametrization to set up an integral expressing the length of C. The
expression of the integrand must be optimally simplified. You do NOT need to evaluate
the integral.
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(b) Another possible parametrization of the cardioid is given by

r(t) =
⌦
cos(t) + cos2(t), sin(t) + sin(t) cos(t)

↵
, where 0  t  2⇡.

Using the second parametrization, calculate the area of the region D enclosed by C.
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Problem 6. (⇡ 18 points) Let R be the region enclosed by the sphere x2 + y2 + z2 = 4z
and the paraboloid z = x2 + y2.

(a) Set up an integral in spherical coordinates expressing the volume of R. You do NOT
need to evaluate the integral. Your work must be supported by properly-labelled
sketch(es).
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(b) Let Q be the surface contained on the sphere that lies inside the paraboloid. Express
Q as a parametric surface r(✓,�).

(c) Set up an integral expressing the surface area of Q. Do NOT evaluate the integral.
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Problem 7. (⇡ 20 points) Consider the curve C parametrized by

r(t) =
⌦
3� sin(2t), 2 cos(t), esin(t) � 1

↵
.

(a) Calculate the TNB frame of the curve C at the point (3,�2, 0).

Page 13



(b) Calculate the tangential component of the acceleration vector at the point (3,�2, 0).

(c) Determine both the radius, and the coordinates of the center of the osculating circle
to the curve C at the point (3,�2, 0). You must carefully explain your methods and
reasoning.
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Problem 8. (⇡ 20 points) Consider the solid E bounded by the surfaces z = x2 + 1,
z = y� 1, and x2 + y2 = 1, with x � 0. Calculate the flux of the 3–dimensional vector field

F(x, y, z) =
D
�5y2e� arctan(z2), 4 ln(x2 + y2), cos2(x)exy

E

across the surface S bounding E, S being equipped with the inward orientation. You must
carefully justify your methods; in particular, you must include relevant, properly-labelled
sketch(es) supporting the logic of your reasoning.
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Problem 9. (⇡ 15 points) Evaluate the line integral

I =

Z

C

�
y2 + ex

2�
dx+ (x+ sin(y)) dy + (xy + ln(z)) dz,

where C is the curve parametrized by r(t) = h 2 sin(t), 2 cos(t), 2 sin(2t) i, 0  t  2⇡. You
must carefully justify your methods.

Hint: You may use the fact that the curve C lies on the surface S given by z = xy. To
receive full credit, explain why this property holds.
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Scratch, scratch zone...

Page 17



More scratch, scratch zone...
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