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A. Variance. We define variance in the same way as we did for discrete random
variables.

Variance of Continuous Random Variables. The variance of a continuous
random variable X with expected value E[X] = µ is:

E[(X− µ)2] = E[X2] − E[X]2

Several properties of expectation for discrete random variables carry over for
continuous random variables.

Independent Sum. If X, Y are independent, then Var(X+Y) = Var(X)+Var(Y).

B. Variance: Continuous Uniform. Let X be uniform on (a, b). We had found
its probability density function to be:

f(x) =

 1
b−a

if a < x < b

0 otherwise

first moment: E[X] = midpoint =
a+ b

2

second moment: E[X2] =

difference of cubes:

b3 − a3 = (b− a)(a2 + ab+ b2)

Variance: Continuous Uniform. If X is uniform on (a, b), then:

Var(X) =
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C. Standard Normal Distribution. The standard “bell curve” is the following: As we will prove much later in the course,
this shape inevitably arises when we look
at an average of many independent trials
of an experiment, which is why it is used
so often, like assigning curves for letter
grades, as it gives us an expected way for
the distribution of exam scores to turn
out.

x

f(x) =
1√
2π

e−x2/2

µ+ σ µ− σµ

mean: µ = 0

standard deviation: σ = 1

Let’s check that f(x) is a valid probability density function for a random variable
X by confirming the total probability is 1, i.e. by confirming:

Standard Normal Random Variable: Normalizing Factor.∫∞
−∞ e−x2/2 dx =

It involves a fun and ingenious argument using polar coordinates.
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Let X be the standard normal random variable, whose probability density func-
tion is the standard bell curve. In the sketch, the mean is given as µ = 0 and the
standard deviation as σ = 1, meaning the variance is σ2 = 1. Let us confirm this:

x

f(x) =
1√
2π

e−x2/2

µ+ σ µ− σµ

mean: µ = 0

standard deviation: σ = 1

Standard Normal Random Variable. The standard normal random variable
X has probability density function:

f(x) =
1√
2π

e−x2/2 with mean µ = 0 and standard deviation σ = 1

Its cumulative distribution function cannot be expressed using elementary
functions, and is denoted by “Phi”:

Φ(x) = P(X ⩽ x)

A table of values, taken from the texbook, is on the next page.

To use it, it helps to have the symmetry property: Φ(−x) =
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Example 1. Let X be the standard normal random variable, and find:

P(−1.1 ⩽ X ⩽ 0.2) =
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