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Example 1. Let X and Y be jointly continuous with jdf and joint support:

f(x, y) = 8xy if x2 + y2 ! 1 and x " 0 and y " 0

In a previous example, we had found marginal density functions and supports:

fX(x) = 4x(1− x2) if 0 ! x ! 1

fY(y) = 4y(1− y2) if 0 ! y ! 1

Are X and Y independent?

Instead, come to the same conclusion, using only the shape of the supports.
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This example shows that detecting
indendence is not as simple as looking at
formulas for the jdf in a piecewise
expression, and noting that they have
form function(x) · function(y). The shape
of the support, i.e. where the probability
distribution has nonzero probability,
matters too. If the support is a
horizontal–vertical rectangle, then it is
okay to just check whether the jdf has the
form function(x) · function(y), but usually,
it is not.
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Example 2. A light fixture holds two lightbulbs. The lifetimes X and Y of the two
lightbulbs are independent exponential random variables, with the first light-
bulb having life expectancy of 1

5 decades, and the second lightbulb having life
expectancy of 1

3 decades. Recall the pdf Exp(λ) is λe−λt for t > 0.

(a) Find the joint density function of X and Y.
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(b) Find the probability that the Y lightbulb burns out first.
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(c) After the X lightbulb burns out, it will take you Z ∼ Uniform(0, 1) decades to
change the lightbulb. Assume Z is independent from X and Y. What is the prob-
ability that the X lightbulb burns out, and is changed, all before the Y lightbulb
burns out? When setting up a triple integral in order

dydxdz, you use:

• full range of z

• full range of x, given y

• full range of y, given x and z
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A. Sums of Independent Random Variables. Let X and Y be jointly continuous
and independent random variables on a probability space. Let’s find the cdf of
their sum: Z = X+ Y.

FZ(a) = P(Z ! a) =

x

y

And then let’s find the pdf:

fZ(a) =

We call this expression the convolution of fX and fY and write it fX ∗ fY . In general, the convolution of two
functions f(x) and g(y) is:

(f ∗ g)(z) =
∫∞

−∞
f(z− y)g(y) dyIndependent Sum. Let X and Y be jointly continuous and independent

random variables on a common probability space. Then the pdf of their sum
Z = X+ Y is the convolution of the pdfs of X and Y:

fZ(z) = (fX ∗ fY)(z) =
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