Lecture 3. This page: Al — Induction and Binomial Theorem. Later ... A2.

Example 1. Justify the symmetry that Pascal’s triangle appears to exhibit.

Oth row: 1

1th row: 1 1

2th row: 1 2 1

3th row: 1 3 3 1

4th row: 1 4 6 4 1

5th row: 1 5 10 10 5 1

6th row: 1 6 15 20 15 6 1
7th row: 1 7 21 35 35 21 7 1

Let n be a natural number and k be a natural number less or equal n. Then:

()~

Proof. We use the definition of the binomial coefficient.

(")

O

A. Binomial Theorem. Binomial coefficients help us distribute.

Binomial Theorem. Let n be a natural number. Then:

(Xer)n _ (g)xoyn + <T]L>len1 + <T21>X2yn2 4 <2>Xnyo

or, in summation notation:

(x+y)" =

This theorem may be readily proven by induction and Pascal’s rule.

However, we omit the proof.

Example 2. Let n be a natural number. Use the binomial theorem to prove that:

B+ (@) ()

Solution. We write 2™ so that we can use the binomial theorem.
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Pascal’s rule says:
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B. Division Algorithm. In elementary school you learned the method of long
division, which can assist us for example in executing 432 + 15.

Then: [dividend] = [quotient] - [divisor] + [remainder]

in our case: 432 =

Division Algorithm.
Let a be an integer (the dividend) and b be a positive integer (the divisor).

Then there exist unique integers q (the quotient) and r (the remainder) so:

a =

Proof. Long—division provides gives us a quotient and remainder.
So, there do exist integers q and r satisfying:

a=

Now, we need to prove the quotient and remainder are unique.

To this end, let q’ and 1’ be integers satisfying:

a=

To confirm uniqueness of the quotient and remainder, we must show:
We subtract our two expressions for a to obtain the following.

0=

We move terms to each side and take absolute values.

Because r and v/ are in [0...b — 1], it follows that:

The only multiple of bin [0...b — 1] is:

Since |r — 1’| has been expressed as a positive multile of b, it follows:
Or in other words:

Uniqueness is established.

U

Technically we should provide an
explanation that the method of
long—division concludes in finite time,
and that what it concludes with is a
quotient and remainder, in the sense that
a=bg+rand 0 <r<b.
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Example 3. Let n be an integer.
Prove that n* is either of the form 5k or 5k + 1, where k denotes an integer.

Solution. By the divison algorithm for n = 5, we know n has form either:

n—=

By the binomial theorem, we observe:

(5k+1)* = <g>r4 + (‘:) (5k)" -3 + C) (5k)?% - 1% + @) (5k)3 -r' + (j) (5k)*

and then noting that 5 may be factored out of every term but:
(5k +7)* =

We apply this observation to the different forms of n.

nt = (5k+0)* =
nt = (5k+1)* =
nt = (5k+2)* =
nt = (5k+3)* =

nt = 5k +4)* =
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C. Divisibility. We say integer a is divisible by integer b if and only if:

o a=

and we denote this by:

or alternatively say that b is a:

or that a is a:

Useful properties of divisibility are assembled in your exam reference sheet.

We establish a few here.

Let a, b, ¢, d be integers such that a | c and b | d. Then ab | cd.

Proof. Because a | c and b | d it follows that:
C =

Then:
cd =

is a multiple of ab. Thus ab | cd.

O

Let a and b be integers.

An integral combination of a and b refers to any integer of the form:

Let d be a common divisor of a and b.

Then, d is a divisor of any integral combination of a and b.

Proof. Let ax + by be an integral combination of a and b, with x and y integers.

Because d is a common divisor of a and b we may write:

ax +by =
is a multiple of d. Thus d | (ax + by). [

Read this as “b divides a”.
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