Math 430 — Reference Sheet. Do not write on this sheet.

Sums. Let n be a natural number and x be a real number. Primes. Let p be prime and q, ay,..., a, be integers.
.0+]+2+...+n:“(“2+” e plaiffpfa.
e 0412422 4+...4n2= w e Ifp|aj - an, thenp|a; for at least one a;.
2 n_ x"t1—1
o Tax4xT+ 4 x™ = Square-Free. Positive integer n is square—free iff:

Pascal’s Rule. Let n be a positive integer and k be a natu- e n is not divisible by any perfect square besides 1.
ral number less than n.

® (k) (k+1) (k+1) Primes Under 100.

Binomial Theorem. Let n be a a natural number. e from 1 to 20 are: 2,3,5,7,11, 13,17, 19

e or equivalently: n is 1 or a prod. of distinct primes.

o (xy)™ = (XY™ + (XY 4 (O

from 20 to 40 are: 23, 29, 31, 37
from 40 to 60 are: 41, 43,47, 53, 59
from 60 to 80 are: 61, 67,71,73,79

Divisibility Properties. Let a, b, ¢, d be integers.

e Ifa|band c|d, then ac | bd.
Ifa|band b|c, then a|c. e from 80 to 100 are: 83, 89, 97

If afband afc, then a|(bx + cy) for integers x, y. Dirichlet’s Theorem. Let a | b be given.
Ifalb,and a|candb|c, then ab|c.

e There are infinitely many primes of the form an +b
Ifa|bcand a L b, then a|c. where n is a positive integer.

Divisors/Multiples. Let a, b be integers w/ gcd(a,b) = d. Fixed Modulus. Let n be a positive integer and a, b, ¢, d

e Any common divisor of a and b also divides d. be integers. All = below are modulo n.

e There exist integers x and y so ax + by = d. e a=a
e (a/d) L (b/d) e Ifa=0b,thenb = a.

o If k is a pos. integer, then ged(ka, kb) = kd. o fa=bandb=c thena=c.

e If ¢ is another integer, sed(a, b, ¢) — ged(d, o). e fa=bandc=d,thena+c=b+dand ac = bd.

e lem(a,b) = (ab)/d e Ifa=b,thena+c=b+cand ac = bc.
— k — k o .

e lcm(a,b) divides any common multiple of a and b. o fa =D, then a® = b" for any positive integer k.

1

e If a | n, then there exists integer a~! so aa~! = 1.

e if a L b, then the divisors of ab are uniquely of the
form d;d, whered; |aand dy | b e If a I n, then ax = b has a unique solution mod n.

Diophantines. Let a, b, ¢ be integers with gcd(a,b) = d. * Ifa=b, then ged(a,n) = ged(b,n).

Consider Diophantine equation ax + by = c. Changing Moduli. Let k, m, n be positive integers and a,

e It admits an integer solution pair iff d | c. b be integers.

e If x0, Yo is one solution pair, the general solution is: e a=Db mod niff ka =kb mod kn
x=x0 + (b/d)t e ifa=b modnandd|n,thena=b mod d
y=yo — (a/d)t e if m L n, then a =b mod mn if and only if both:

where t is any integer. a=b mod mand a=b modn




Chinese Remainder Theorem. Let ny,...,n, berelatively Floor Function. Let x be real and m, n integers.

prime and ay,...,a, be integers. Let n =ny...n.. Then: e ifx —1 <n <xthen x| =n

x=a; modnj,...,x=a, modn, e 1 - m has quotient |n/m| and remainder m - {n/m}
is solved by x = ajx1 Ny + - - + a,;x,. N, where: e the exp. of the max power of prime p dividing n! is:
Nk =n/ng and Nixx =1 mod ny S Y n/pk

This solution is unique modulo n. or,if n = (a,, - - ap)p in base p, this exponent is:

(m—lam+---+aol)/(p—1)
Fermat’s Theorem. Let p be prime and a an integer.
e if f arithmeticand F = f % 1, then:

D o1 F(k) = > ¢_q f(k)[n/K]

e aP =a modp

Pseudoprimes. Let n be a composite integer.

e 7 is an absolute pseudoprime iff a™ = a mod n for Properties of Phi. Let n be a positive integer.

all integers a e /N/2<Pp(n)<n
e absolute pseudoprimes are square—free e ifa | nthen a®™ =1 modn
Wilson’s Theorem. Let n be an integer. ¢ dxl=id
e 1 prime if and only if (n — 1)/ = —1 mod n e the sum of | n integers from 1...1nis nd(n)/2.
Square-Root of —1. Let p be an odd prime. Order. Let n be a positive integer and a | n with order
e x> = —1 mod p is solvable iff p = 1 mod 4, in ord(a) modulo n. Let k, h be integers.

which case a solution is given by x = ([p — 1]/2)!. e ord(a) |n

d(a*) = ord cd(ord(a), k
Multiplicative Functions. Let f, g be arithmetic and m, n * ord{a®) = ord(a)/ged(ord(a), k)

be positive integers and p be prime. e a*=a" mod niff k=h mod ord(a)

e multiplicative functions are uniquely determined by

.L i M . ial.
their values on powers of primes. Lagrange. Let p prime and M(x) a deg. d monomia

e if f is multiplicative, and r is a real number, " is * M(x] has at most d roots modulo p.

multiplicative e if d|p—1, then x4 — 1 has d incong. roots mod p.

o if f and g are multiplicative, then so is fg Primitives. Let p an odd prime and n a pos. integer.

e 1,id, T, 0, and ¢ are multiplicative. e 2,4, p™, and 2p™ have primitive roots
o n+1 1
o T(p") =n+1,0(p") =P, o(p™) =p" —p" e a primitive root of p? is a primitive root of p™
Sum Notation. Let f, g arithmetic and n integer. e an odd primitive root of p™ is a primitive root of 2p™
D fldy)g(da) = > f(d1) ) gldy)
d;|m di|m drIn
d2|T1

Convolutions Let f, g, h arithmetic and n integer.
o (fxg)l Zd\n g(n/d)

e fxg=gxfand (f*g)*h:f*(g*h)

e convolutions preserve multiplicativeness.

e T=1x1,0=1idx*],fxe=f,and 1 xpu=c¢




